To begin with, we introduce several exact models for SU͑3͒ spin chains: First is a translationally invariant parent Hamiltonian involving four-site interactions for the trimer chain, with a threefold degenerate ground state. We provide numerical evidence that the elementary excitations of this model transform under representation 3 of SU͑3͒ if the original spins of the model transform under representation 3. Second is a family of parent Hamiltonians for valence bond solids of SU͑3͒ chains with spin representations 6, 10, and 8 on each lattice site. We argue that of these three models, only the latter two exhibit spinon confinement and, hence, a Haldane gap in the excitation spectrum. We generalize some of our models to SU͑n͒. Finally, we use the emerging rules for the construction of valence bond solid states to argue that models of antiferromagnetic chains of SU͑n͒ spins, in general, possess a Haldane gap if the spins transform under a representation corresponding to a Young tableau consisting of a number of boxes which is divisible by n. If and n have no common divisor, the spin chain will support deconfined spinons and not exhibit a Haldane gap. If and n have a common divisor different from n, it will depend on the specifics of the model including the range of the interaction.
I. INTRODUCTION
Quantum spin chains have been a most rewarding subject of study almost since the early days of quantum mechanics, beginning with the invention of the Bethe ansatz in 1931 ͑Ref. 1͒ as a method of solving the S = 1 2 Heisenberg chain with nearest-neighbor interactions. The method led to the discovery of the Yang-Baxter equation in 1967 ͑Refs. 2 and 3͒ and provides the foundation for the field of integrable models. 4 Faddeev and Takhtajan 5 discovered in 1981 that the elementary excitations ͑now called spinons͒ of the spin-1 / 2 Heisenberg chain carry spin 1 / 2 while the Hilbert space is spanned by spin flips, which carry spin 1. The fractional quantization of spin in spin chains is conceptually similar to the fractional quantization of charge in quantized Hall liquids. 6, 7 In 1982, Haldane 8, 9 identified the O͑3͒ nonlinear sigma model as the effective low-energy field theory of SU͑2͒ spin chains and argued that chains with integer spin possess a gap in the excitation spectrum, while a topological term renders half-integer spin chains gapless. 10, 11 The general methods-the Bethe ansatz method and the use of effective field theories including bosonization 12, 13 are complemented by a number of exactly solvable models; most prominently among them are the Majumdar-Ghosh ͑MG͒ Hamiltonian for the S = 1 2 dimer chain, 14 the AKLT model as a paradigm of the gapped S = 1 chain, 15, 16 and the Haldane-Shastry model ͑HSM͒. [17] [18] [19] [20] The HSM is by far the most sophisticated among these three, as it is not only solvable for the ground state but fully integrable due to its Yangian symmetry. 20 The wave functions for the ground state and single-spinon excitations are of a simple Jastrow form, elevating the conceptual similarity to quantized Hall states to a formal equivalence. Another unique feature of the HSM is that the spinons are free in the sense that they only interact through their half-Fermi statistics, [21] [22] [23] [24] [25] which renders the model an ideal starting point for any perturbative description of spin systems in terms of interacting spinons. 26 The HSM has been generalized from SU͑2͒ to SU͑n͒. [27] [28] [29] [30] [31] [32] For the MG and the AKLT model, only the ground states are known exactly. Nonetheless, these models have amply contributed to our understanding of many aspects of spin chains, each of them through the specific concepts captured in its ground state. [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] The models are specific to SU͑2͒ spin chains. We will review both models below.
In the past, the motivation to study SU͑n͒ spin systems with n Ͼ 2 has been mainly formal. The Bethe ansatz method has been generalized to multiple-component systems by Sutherland, 52 yielding the so-called nested Bethe ansatz. In particular, this has led to a deeper understanding of quantum integrability and the applicability of the Bethe ansatz. 53 Furthermore, the nested Bethe ansatz was used to study the spectrum of the SU͑n͒ HSM. 22, 27 It has also been applied to SU͑2͒ spin chains with orbital degeneracy at the SU͑4͒ symmetric point. 54, 55 Most recently, Damerau and Klümper obtained highly accurate numerical results for the thermodynamic properties of the SU͑4͒ spin-orbital model. 56 SU͑n͒ Heisenberg models have been studied recently by Kawashima and Tanabe 57 with quantum Monte Carlo and by Paramekanti and Marston 58 using variational wave functions. The effective field theory description of SU͑2͒ spin chains by Haldane yielding the distinction between gapless halfinteger spin chains with deconfined spinons and gapped integer spin chains with confined spinons cannot be directly generalized to SU͑n͒, as there is no direct equivalent of the CP 1 representation used in Haldane's analysis. The critical behavior of SU͑n͒ spin chains, however, has been analyzed by Affleck in the framework of effective field theories. physical space but rather relate to SU͑3͒ rotations in an internal space spanned by three degenerate "colors" the atom may assume, subject to the requirement that the number of atoms of each color is conserved. A possible way to realize such a system experimentally is described in Appendix A. Moreover, it has been suggested recently that an SU͑3͒ trimer state might be realized approximately in a spin tetrahedron chain. 61, 62 Motivated by both this prospect as well as the mathematical challenges inherent to the problem, we propose several exact models for SU͑3͒ spin chains in this paper. The models are similar in spirit to the MG or the AKLT model for SU͑2͒ and consist of parent Hamiltonians and their exact ground states. There is no reason to expect any of these models to be integrable, and none of the excited states are known exactly. We generalize several of our models to SU͑n͒ and use the emerging rules to investigate and motivate which SU͑n͒ spin chains exhibit spinon confinement and a Haldane gap.
The paper is organized as follows. Following a brief review of the MG model in Sec. II, we introduce the trimer model for SU͑3͒ spin chains in Sec. III. This model consists of a translationally invariant Hamiltonian involving four-site interactions, with a threefold degenerate ground state, in which triples of neighboring sites form SU͑3͒ singlets ͑or trimers͒. In Sec. IV, we review the representations of SU͑3͒, which we use to verify the trimer model in Sec. V. In this section, we further provide numerical evidence that the elementary excitations of this model transform under representation 3 of SU͑3͒ if the original spins of the model transform under representation 3. We proceed by introducing Schwinger bosons in Sec. VI and a review of the AKLT model in Sec. VII. In Sec. VIII, we formulate a family of parent Hamiltonians for valence bond solids of SU͑3͒ chains with spin representations 6, 10, and 8 on each lattice site and prove their validity. We argue that only the representation 10 and the representation 8 model, which are in a wider sense generalizations of the AKLT model to SU͑3͒, exhibit spinon confinement and, hence, a Haldane-type gap in the excitation spectrum. In Sec. IX, we generalize three of our models from SU͑3͒ to SU͑n͒. In Sec. X, we use the rules emerging from the numerous valence bond solid ͑VBS͒ models we studied to investigate which models of SU͑n͒ spin chains, in general, exhibit spinon confinement and a Haldane gap. In this context, we first review a rigorous theorem due to Affleck and Lieb 63 in Sec. X A. In Sec. X B, we argue that the spinons in SU͑n͒ spin chains with spins transforming under representations with Young tableaux consisting of a number of boxes which is divisible by n are always confined. In Sec. X C, we construct several specific examples to argue that if and n have a common divisor different from n, the model will be confining only if the interactions are sufficiently long ranged. Specifically, the models we study suggest that if q is the largest common divisor of and n, the model will exhibit spinon confinement only if the interactions extend at least to the ͑n / q͒th neighbor on the chain. If and n have no common divisor, the spinons will be free and the chain will not exhibit a Haldane gap. We briefly summarize the different categories of models in Sec. X D and present a counterexample to the general rules in Sec. X E. We conclude with a brief summary of the results obtained in this paper in Sec. XI.
A brief and concise account of the SU͑3͒ VBS models we elaborate here has been given previously. 64 
II. MAJUMDAR-GHOSH MODEL
Majumdar and Ghosh 14 noticed in 1969 that on a linear spin S = 1 2 chain with an even number of sites, the two valence bond solid or dimer states
where the product runs over all even sites i for one state and over all odd sites for the other, are exact zero-energy ground states 65 of the parent Hamiltonian
where
Clearly, any state in which the total spin of three neighboring spins is 1 2 will be annihilated by H i . ͑The total spin can only be 
As H i is positive definite, the two zero-energy eigenstates of H MG are also ground states. Is the Majumdar-Ghosh or dimer state in the universality class generic to one-dimensional spin-1 2 liquids, and hence a useful paradigm to understand, say, the nearest-neighbor Heisenberg chain? The answer is clearly no, as the dimer states ͓Eq. ͑1͔͒ violate translational symmetry modulo translations by two lattice spacings, while the generic liquid is invariant.
Nonetheless, the dimer chain shares some important properties of this generic liquid. First, the spinon excitationshere, domain walls between even and odd ground states-are deconfined. ͑To construct approximate eigenstates of H MG , we take momentum superpositions of localized domain walls.͒ Second, there are ͑modulo the overall twofold degeneracy͒ only M + 1 orbitals available for an individual spinon if 2M spins are condensed into dimers or valence bond singlets. This is to say that if there are only a few spinons in a long chain, the number of orbitals available to them is roughly half the number of sites. This can easily be seen graphically: If we start with an even ground state on the left, the spinon to its right must occupy an even lattice site and vice versa. The resulting state counting is precisely what one finds in the Haldane-Shastry model, where it is directly linked to the half-Fermi statistics of the spinons. 21 The dimer chain is further meaningful as a piece of a general paradigm. The two degenerate dimer states ͓Eq. ͑1͔͒ can be combined into an S = 1 chain, the AKLT chain, which serves as a generic paradigm for S = 1 chains which exhibit the Haldane gap 8, 9, 34 and provides the intellectual background for several of the exact models we further introduce below. Before doing so, however, we will now introduce the trimer model, which constitutes an SU͑3͒ analog of the MG model.
To verify the trimer Hamiltonian ͓Eq. ͑12͔͒, as well as for the valence bond solid ͑VBS͒ models we propose below, we will need a few higher-dimensional representations of SU͑3͒. We review these in the following section.
IV. REPRESENTATIONS OF SU(3)
A. Young tableaux and representations of SU (2) Let us begin with a review of Young tableaux and the representations of SU͑2͒. The group SU͑2͒ has three generators S a , a =1,2,3, which obey the algebra
where repeated indices are summed over and ⑀ abc is the totally antisymmetric tensor. The representations of SU͑2͒ are classified by the spin S, which takes integer or half-integer values. The fundamental representation of SU͑2͒ has spin S = 1 2 ; it contains the two states ͉↑͘ and ͉↓͘. Higher-dimensional representations can be constructed as tensor products of fundamental representations, which is conveniently accomplished using Young tableaux ͑see, e.g., Ref. 66͒. These tableaux are constructed as follows ͑see Figs. 1 and 2 for examples͒. For each of the N spins, draw a box numbered consecutively from left to right. The representations of SU͑2͒ are obtained by putting the boxes together such that the numbers assigned to them increase in each row from left to right and in each column from top to bottom. Each tableau indicates symmetrization over all boxes in the same row and antisymmetrization over all boxes in the same column. This implies that we cannot have more than two boxes on top of each other. If i denotes the number of boxes in the ith row, the spin is given by S = 1 ͱ 3
where = exp ͑ i 2 3 ͒ . The tableaux tell us primarily that two such basis states exist, and not what a convenient choice of orthonormal basis states may be. The irreducible representations of SU͑2͒ can be classified through the eigenvalues of the Casimir operator given by the square of the total spin S 2 . The special feature of S 2 is that it commutes with all generators S a and is, hence, by Schur's lemma 67 proportional to the identity for any finitedimensional irreducible representation. The eigenvalues are given by
B. Representation theory of SU(3)
The group SU͑3͒ has eight generators J a , a =1, ... ,8, which obey the algebra
where the structure constants f abc are given in Appendix B. For SU͑3͒, we have two diagonal generators, usually chosen to be J 3 and J 8 , and six generators which define the ladder operators I ± = J 1 ± iJ 2 , U ± = J 6 ± iJ 7 , and V ± = J 4 ± iJ 5 , respectively. An explicit realization of Eq. ͑17͒ is, for example, given by the J a 's as expressed in terms of the Gell-Mann matrices in Eq. ͑9͒. This realization defines the fundamental representation 3 of SU͑3͒ illustrated in Fig. 3͑a͒ . It is three dimensional, and we have chosen to label the basis states by the colors blue ͑b͒, red ͑r͒, and green ͑g͒. The weight diagram depicted in Fig. 3͑a͒ instructs us about the eigenvalues of the diagonal generators as well as the actions of the ladder operators on the basis states. All other representations of SU͑3͒ can be constructed by taking tensor products of representations 3, which is again most conveniently accomplished using Young tableaux ͑see Fig. 4 for an example͒. The antisymmetrization over all boxes in the same column implies that we cannot have more than three boxes on top of each other. Each tableau stands for an irreducible representation of SU͑3͒, which can be uniquely labeled by their highest weight or Dynkin coordinates ͑ 1 , 2 ͒ Refs. 67 and 68 ͑see Fig. 5͒ . For example, the fundamental representation 3 has Dynkin coordinates ͑1,0͒. Note that all columns containing three boxes are superfluous, as the antisymmetrization of three colors yields only one state. In particular, the SU͑3͒ singlet has Dynkin coordinates ͑0,0͒. In general, the dimension of a representation ͑ 1 , ͒ is given by 1 2 ͑ 1 +1͒͑ 2 +1͒͑ 1 + 2 +2͒. The labeling using numbers in boldface refers to the dimensions of the representations alone. Although this labeling is not unique, it will mostly be sufficient for our purposes. A representation m and its conjugated counterpart m are related to each other by interchange of their Dynkin coordinates.
C. Examples of representations of SU(3)
We now consider some specific representations of SU͑3͒ in detail. As starting point, we use the fundamental representation 3 spanned by the states ͉b͘, ͉r͘, and ͉g͘. The second three-dimensional representation 3 is obtained by antisymmetrically coupling two representations 3. The Dynkin coordinates of the representations 3 are ͑0,1͒, i.e., the representations 3 and 3, are complex conjugate of each other. An explicit basis of the representations 3 is given by the colors yellow ͑y͒, cyan ͑c͒, and magenta ͑m͒ as follows:
The weight diagram is shown in Fig. 3͑b͒ . The generators are given by Eq. ͑9͒ with a replaced by −͑ a ͒ * , where asterisk ‫͒ء͑‬ denotes complex conjugation of the matrix elements. 68 In particular, we find I + ͉y͘ =−͉c͘, U + ͉c͘ =−͉m͘, and V + ͉y͘ =−͉m͘. The six-dimensional representation 6 has Dynkin coordinates ͑2,0͒ and can, hence, be constructed by symmetrically coupling two representations 3. The basis states of the representations 6 are shown in Fig. 6 . The conjugate representation 6 can be constructed by symmetrically coupling two representations 3.
Let us now consider the tensor product 3 3 = 1 8. The weight diagram of the so-called adjoint representation 8 = ͑1,1͒ is shown in Fig. 7 . The states can be constructed starting from the highest weight state ͉bm͘, yielding I − ͉bm͘ = ͉rm͘, U − ͉bm͘ =−͉bc͘, V − ͉bm͘ = ͉gm͘ − ͉by͘, and so on. This procedure yields two linearly independent states with J 3 = J 8 = 0. The representation 8 can also be obtained by cou- pling of the representations 6 and 3, as can be seen from the Young tableaux in Fig. 4 . On a more abstract level, the adjoint representation is the representation we obtain if we consider the generators J a themselves basis vectors. In the weight diagram shown in Fig. 7 , the generators J 3 and J 8 correspond to the two states at the origin, whereas the ladder operators I ± , U ± , and V ± correspond to the states at the six surrounding points. In the notation of Fig. 7 , the singlet orthogonal to 8 is given by
The weight diagrams of four other representations relevant to our purposes below are shown in Figs. 8-10. It is known that the physical properties of SU͑2͒ spin chains crucially depend on whether the lattice sites are integer or half-integer spins. A similar distinction can be made for SU͑3͒ chains, as elaborated in Sec. X. The distinction of integer or half-integer spin for SU͑2͒ is replaced by a distinction between three families of irreducible representations of SU͑3͒: either the number of boxes in the Young tableau is divisible by 3 without remainder ͑e.g., 1, 8, 10, and 27͒, with remainder 1 ͑e.g., 3, 6, 15, and 15Ј͒, or with remainder 2 ͑e.g., 3, 6, 15, and 15Ј͒.
While SU͑2͒ has only one Casimir operator, SU͑3͒ has two. The quadratic Casimir operator is defined as
where the J a 's are the generators of the representation. As J 2 commutes with all generators J a , it is proportional to the identity for any finite-dimensional irreducible representation.
The eigenvalue in a representation with Dynkin coordinates
͑20͒
We have chosen the normalization in Eq. ͑20͒ according to the convention
which yields C SU͑3͒ 2 ͑1,1͒ = 3 for the representation 8. Note that the quadratic Casimir operator cannot be used to distinguish between a representation and its conjugate. This distinction would require the cubic Casimir operator, 67 which we will not need for any of the models we propose below.
V. TRIMER MODEL (CONTINUED)

A. Verification of the model
We will now proceed with the verification of the trimer Hamiltonian ͓Eq. ͑12͔͒. Since the spins on the individual sites transform under the fundamental representation 3, the SU͑3͒ content of the four sites is 3 3 3 3 = 3 · 3 2 · 6 3 · 15 15Ј, ͑21͒
i.e., we obtain representations 3 and 6 and two nonequivalent 15-dimensional representations with Dynkin coordinates ͑2, 1͒ and ͑4, 0͒, respectively. All these representations can be distinguished by their eigenvalues of the quadratic Casimir operator, which is given by ͑J i ͑4͒ ͒ 2 if the four spins reside on the four neighboring lattice sites i , ... ,i +3.
For the trimer states ͓Eq. ͑6͔͒, the situation simplifies as we only have the two possibilities This Hamiltonian will have a different spectrum. In comparison with the four-site interaction Hamiltonian ͓Eq. ͑12͔͒, however, it is more complicated while bearing no advantages. We will not consider it further.
B. Elementary excitations
Let us now turn to the low-lying excitations of Eq. ͑12͒. In analogy with the MG model, it is evident that the SU͑3͒ spinon or "coloron" excitations correspond to domain walls between the degenerate ground states. The first domain wall ͓Eq. ͑23͔͒ connects ground state to the left to ground state + 1 to the right, where is defined modulo of 3 ͓see Eq. ͑7͔͒, and consists of an individual SU͑3͒ spin, which transforms under representation 3. The second domain wall ͓Eq. ͑24͔͒ connects ground state with ground state + 2. It consists of two antisymmetrically coupled spins on two neighboring sites and, hence, transforms under representation 3. As we take momentum superpositions of the localized domain walls illustrated above, we expect one of them, but not both, to constitute an approximate eigenstate of the trimer model. The reason we do not expect both of them to yield a valid excitation is that they can decay into each other, i.e., if the representation 3 excitation is valid, the representation 3 domain wall would decay into two representation 3 excitations and vice versa. The question which of the two excitations is the valid one, i.e., whether the elementary excitations transform under 3 or 3 under SU͑3͒ rotations, can be resolved through numerical studies. We will now discuss the results of these studies.
The representation 3 and the representation 3 trial states require chains with N =3ϫ integer+ 1 and N =3ϫ integer+ 2 sites, respectively; we chose N = 13 and N = 14 for our numerical studies. To create the localized domain walls ͓Eqs. ͑23͒ and ͑24͔͒, we numerically diagonalized auxiliary Hamiltonians with appropriate couplings, as illustrated in Fig. 11 . From these localized excitations, we constructed momentum eigenstates by superposition and compared them to the exact eigenstates of our model Hamiltonian ͓Eq. ͑12͔͒ for chains with the same number of sites. The results are shown in Table I and Fig. 12 for the representation 3 trial state and in Table II and Fig. 13 for the representation 3 trial state.
The numerical results clearly indicate that the representation 3 trial states ͓Eq. ͑24͔͒ are valid approximations to the elementary excitations of the trimer chain, while the representation 3 trial states ͓Eq. ͑23͔͒ are not. We deduce that the elementary excitations of the trimer chain ͓Eq. ͑12͔͒ transform under 3, that is, under the representation conjugated to the original SU͑3͒ spins localized at the sites of the chain. Using the language of colors, one may say that if a basis for the original spins is spanned by blue, red, and green, a basis for the excitations is spanned by the complementary colors yellow, cyan, and magenta. This result appears to be a general feature of SU͑3͒ spin chains, as it was recently shown explicitly to hold for the Haldane-Shastry model as well. [30] [31] [32] Note that the elementary excitations of the trimer chain are deconfined, meaning that the energy of two localized representation 3 domain walls or colorons ͓Eq. ͑24͔͒ does not depend on the distance between them. The reason is simply that domain walls connect one ground state with another, without introducing costly correlations in the region between the domain walls. In the case of the MG model and the trimer model introduced here, however, there is still an energy gap associated with the creation of each coloron, which is simply the energy cost associated with the domain wall.
In most of the remainder of this paper, we will introduce a family of exactly soluble valence bond models for SU͑3͒ chains of various spin representations of the SU͑3͒ spins at each lattice site. To formulate these models, we will first review Schwinger bosons for both SU͑2͒ and SU͑3͒ and the AKLT model.
VI. SCHWINGER BOSONS
Schwinger bosons 69,70 constitute a way to formulate spin-S representations of an SU͑2͒ algebra. The spin operators
are given in terms of boson creation and annihilation operators which obey the usual commutation relations
It is readily verified with Eq. ͑26͒ that S x , S y , and S z satisfy Eq. ͑14͒. The spin quantum number S is given by half the number of bosons,
and the usual spin states ͑simultaneous eigenstates of S 2 and S z ͒ are given by
͉0͘. ͑28͒
In particular, the spin-1 2 states are given by
i.e., a † and b † act just like the fermion creation operators c ↑ † and c ↓ † in this case. The difference shows up only when two ͑or more͒ creation operators act on the same site or orbital. The fermion operators create an antisymmetric or singlet configuration ͑in accordance with the Pauli principle͒,
while the Schwinger bosons create a totally symmetric or triplet ͑or higher spin if we create more than two bosons͒ configuration, 
. The generalization to SU͑n͒ proceeds without incident. We content ourselves here by writing out explicitly the formalism for SU͑3͒. In analogy to Eq. ͑25͒, we write the SU͑3͒ spin operators ͓Eq. ͑9͔͒,
in terms of the boson annihilation and creation operators b , b † ͑blue͒, r , r † ͑red͒, and g , g † ͑green͒ satisfying
while all other commutators vanish. Again, it is readily verified with Eq. ͑33͒ that the operators J a satisfy Eq. ͑17͒. The basis states spanning the fundamental representation 3 may, in analogy to Eq. ͑29͒, be written using either fermion or boson creation operators:
We write this abbreviated
The fermion operators can be used to combine spins transforming under the fundamental representation 3 antisymmetrically and, hence, to construct the representations
The Schwinger bosons, by contrast, combine fundamental representations 3 symmetrically and, hence, yield representations labeled by Young tableaux in which the boxes are arranged in a horizontal row, like
where ␣ , ␤ , ␥ , ... , ͕b , r , g͖. Unfortunately, it is not possible to construct representations such as
by simply taking products of anticommuting or commuting creation or annihilation operators.
VII. AKLT MODEL
Using the SU͑2͒ Schwinger bosons introduced in the previous section, we may rewrite the Majumdar-Ghosh states ͓Eq. ͑1͔͒ as
͑38͒
This formulation was used by Affleck et al. 15, 16 to propose a family of states for higher spin representations of SU͑2͒. In particular, they showed that the valance bond solid ͑VBS͒ state 
͑39͒
is the exact zero-energy ground state of the spin-1 extended Heisenberg Hamiltonian
with periodic boundary conditions. Each term in the sum of Eq. ͑40͒ projects onto the subspace in which the total spin of a pair of neighboring sites is S = 2. The Hamiltonian ͓Eq. ͑40͔͒ thereby lifts all states except Eq. ͑39͒ to positive energies. The VBS state ͓Eq. ͑39͔͒ is a generic paradigm as it shares all the symmetries, but, in particular, the Haldane spin gap, 8, 9, 34 Our understanding 71, 72 of the connection between the confinement force and the Haldane gap is that the confinement effectively imposes an oscillator potential for the relative motion of the spinons. We then interpret the zero-point energy of this oscillator as the Haldane gap in the excitation spectrum.
The AKLT state can also be written as a matrix product. 42, 44, 45 We first rewrite the valence bonds
and then use the outer product to combine the two vectors at each site into a matrix
͑41͒
Assuming PBCs, Eq. ͑39͒ may then be written as the trace of the matrix product
In the following section, we will propose several exact models of VBSs for SU͑3͒.
VIII. SU(3) VALENCE BOND SOLIDS
To begin with, we use SU͑3͒ Schwinger bosons introduced in Sec. VI to rewrite the trimer states ͓Eq. ͑7͔͒ as
where, as in Eq. ͑7͒, =1,2,3 labels the three degenerate ground states, i runs over the lattice sites subject to the constraint that i− 3 is integer, and the sum extends over all six permutations of the three colors b, r, and g. This formulation can be used directly to construct VBSs for SU͑3͒ spin chains with spins transforming under representations 6 and 10 on each site.
A. Representation 6 VBS
We obtain a representations 6 VBS from two trimer states by projecting the tensor product of two fundamental representations 3 onto the symmetric subspace, i.e., onto the 6 in the decomposition 3 3 = 3 6. Graphically, this is illustrated as follows: 
͑44͒
This construction yields three linearly independent 6 VBS states, as there are three ways to choose two different trimer states out of a total of three. These three VBS states are readily written out using Eq. ͑43͒,
for = 1, 2, or 3. If we pick four neighboring sites on a chain with any of these states, the total SU͑3͒ spin of those may contain the representations c c c c c c c c=
or the representations c c c c c c c c=3
i.e., the total spin transforms under 3, 6, or 15= ͑1,2͒, all of which are contained in the product 
ͪ.
͑48͒
Note that the operators J i a , a = 1 , . . . , 8, are now given by 6 ϫ 6 matrices, as the Gell-Mann matrices only provide the generators ͓Eq. ͑9͔͒ of the fundamental representation 3. Since the representations 3, 6, and 15 possess the smallest Casimirs in the expansion ͓Eq. ͑46͔͒, H i and, hence, also H 6VBS are positive semidefinite ͑i.e., have only non-negative eigenvalues͒. The three linearly independent states ͓Eq. ͑45͔͒ are zero-energy eigenstates of ͓Eq. ͑47͔͒.
To verify that these are the only ground states, we have numerically diagonalized Eq. ͑47͒ for N = 6 and N = 9 sites. For N = 9, we find zero-energy ground states at momenta k = 0, 3, and 6 ͑in units of 2 N with the lattice constant set to unity͒. Since the dimension of the Hilbert space required the use of a Lanczos algorithm, we cannot be certain that there are no further ground states. We therefore diagonalized Eq.
͑47͒ for N = 6 as well, where we were able to obtain the full spectrum. We obtained five zero-energy ground states, two at momentum k = 0 and one each at k =2,3,4. One of the ground states at k = 0 and the k =2,4 ground states constitute the space of momentum eigenstates obtained by Fourier transform of the space spanned by the three 6 VBS states ͓Eq. ͑45͒. The remaining two states at k =0, 3 
Excitations of the 6 VBS model are given by domain walls between two of the ground states ͓Eq. ͑45͔͒. 
͑50͒
It is not clear which excitation has the lower energy, and it appears likely that both of them are stable against decay. Let us first look at the representation. 3 excitation. The four-site Hamiltonian ͓Eq. ͑48͔͒ annihilates the state for all i's except the four sites in the dashed box in Eq. ͑50͒, which contains the representations i.e., only the representation 24 in addition to representations annihilated by H i . For our parent Hamiltonian ͓Eq. ͑47͔͒, it hence may well be that the representation 3 anticoloron has the lower energy, but it is all but clear that the representation 3 has sufficiently higher energy to decay. For general representation 6 spin chains, it may depend on the specifics of the model which excitation is lower in energy and whether the conjugate excitation decays or not.
Since the excitations of the representation 6 VBS chain are merely domain walls between different ground states, there is no confinement between them. We expect the generic antiferromagnetic representation 6 chain to be gapless, even though the model we proposed here has a gap associated with the energy cost of creating a domain wall.
B. Representation 10 VBS
Let us now turn to the 10 VBS chain, which is a direct generalization of the AKLT chain to SU͑3͒. By combining the three different trimer states ͓Eq. ͑43͔͒ for = 1, 2, and 3 symmetrically,
we automatically project out the representation 10 in the decomposition 3 3 3 = 1 2·8 10 generated on each lattice site by the three trimer chains. This construction yields a unique state, as illustrated by 
͑52͒
In order to construct a parent Hamiltonian, note first that the total spin on two ͑neighboring͒ sites of a representation 10 chain is given by 10 10 = 10 27 28 35. ͑53͒
On the other hand, the total spin of two neighboring sites for the 10 VBS state can contain only the representations as can be seen easily from the dashed box in the diagram above. ͑Note that this result is independent of how many sites we include in the dashed box.͒ After the projection onto representation 10 on each lattice site, we find that only representations 10= ͑0,3͒ and 27= ͑2,2͒ occur for the total spin of two neighboring sites for the 10 VBS state. With the Casimirs C SU͑3͒ 2 ͑0,3͒ = 6 and C SU͑3͒ 2 ͑2,2͒ = 8, we obtain the parent Hamiltonian
where the operators J i a , a =1, ... ,8, are now 10ϫ 10 matrices, and we have used J i 2 =6. H 10 VBS is positive semidefinite and annihilates the 10 VBS state ͓Eq. ͑51͔͒. We assume that Eq. ͑51͒ is the only ground state of Eq. ͑55͒.
The Hamiltonian ͓Eq. ͑55͔͒ provides the equivalent of the AKLT model, 15, 16 whose unique ground state is constructed from dimer states by projection onto spin 1, for SU͑3͒ spin chains. Note that as in the case of SU͑2͒, it is sufficient to consider linear and quadratic powers of the total spin of only two neighboring sites. This is a general feature of the corresponding SU͑n͒ models, as we will elaborate in the following section.
Since the 10 VBS state ͓Eq. ͑51͔͒ is unique, we cannot have domain walls connecting different ground states. We hence expect the coloron and anticoloron excitations to be confined in pairs, as illustrated below. The state between the excitations is no longer annihilated by Eq. ͑55͒, as there are pairs of neighboring sites containing higher-dimensional representations, as indicated by the dotted box below. As the number of such pairs increases linearly with the distance between the excitations, the confinement potential depends linearly on this distance, 
͑56͒
In principle, it would also be possible to create three colorons ͑or three anticolorons͒ rather than a coloronanticoloron pair, but as all three excitations would feel strong confinement forces, we expect the coloron-anticoloron pair to constitute the dominant low-energy excitation. The confinement force between the pair induces a linear oscillator potential for the relative motion of the constituents. The zero-point energy of this oscillator gives rise to a Haldanetype energy gap ͑see Refs. 71 and 72 for a similar discussion in the two-leg Heisenberg ladder͒, which is independent of the model specifics. We expect this gap to be a generic feature of representation 10 spin chains with short-range antiferromagnetic interactions.
C. Representation 8 VBS
To construct a representation 8 VBS state, consider first a chain with alternating representations 3 and 3 on neighboring sites, which we combine into singlets. This can be done in two ways, yielding the two states 
33
We then combine a 3-3 state with an identical one shifted by one lattice spacing. 
͑57͒
These states transform into each other under space reflection or color conjugation ͑interchange of 3 and 3͒.
It is convenient to formulate the corresponding state vectors as a matrix product. Taking ͑b,r,g͒ and ͑y,c,m͒ as bases for the representations 3 and 3, respectively, the singlet bonds in ⌿ L above can be written as
We are hence led to consider matrices composed of the outer product of these vectors on each lattice site,
In the case of the AKLT model reviewed above, the Schwinger bosons take care of the projection automatically, and we can simply assemble these matrices into a product state. For the 8 VBS, however, we need to enforce the projection explicitly. This is most elegantly accomplished using the Gell-Mann matrices, yielding the projected matrix
Here, we have simply used the fact that the eight Gell-Mann matrices, supplemented by the unitary matrix, constitute a complete basis for the space of all complex 3 ϫ 3 matrices. By omitting the unit matrix in the expansion ͓Eq. ͑58͔͒, we effectively project out the singlet state. Written out explicitly, we obtain
͑59͒
Assuming PBCs, the 8 VBS state ⌿ L ͓illustrated in on the left of Eq. ͑57͔͒ is hence given by the trace of the matrix product
͑60͒
To obtain the state ⌿ R ͓illustrated on the right of Eq. ͑57͔͒, we simply have to transpose the matrices in the product,
͑61͒
Let us now formulate a parent Hamiltonian for these states. If we consider two lattice sites on an SU͑3͒ chain with a representation 8 on each lattice site in general, we find the full SU͑3͒ content 
anti-colorons colorons ͑64͒ There is no reason to assume that the domain wall depicted above as two anticolorons, in fact, corresponds to a single coloron, as it appears to be the case for the trimer chain.
There we created a domain wall corresponding to a single coloron by removing one of the representation 3 spins from a trimer, leaving the remaining representation 3 spins coupled antisymmetrically as in the ground state. If we were to combine the two representations 3 into a representation 3 in Eq. ͑64͒, we would not reproduce a correlation present in the ground state but enforce a new correlation. The correct interpretation of the domain wall between ⌿ L and ⌿ R is hence that of a bound state between two linearly confined anticolorons. The origin of the confining potential is illustrated be-
anti-coloron anti-coloron -energy cost ∝ distance
͑65͒
As in the 10 VBS, the confinement induces a linear oscillator potential for the relative motion of the anti-colorons. The zero-point energy of this oscillator corresponds to a Haldanetype gap in the spectrum. The ground-state wave function of the oscillator is symmetric and, hence, corresponds to a symmetric combination of 3 3, i.e., representation 6. The antisymmetric combination 3 corresponds to the first excited state of the oscillator, which we expect to cost more than twice the energy of the symmetric state. 72 This statement holds for the pair of colorons in Eq. ͑64͒ as well.
The domain walls, however, are not the only low-energy excitations. In either of the ground states, we can create coloron-anticoloron bound states, which make no reference to the other ground state, as illustrated below,
͑66͒
The oscillator model tells us again that the "symmetric" combination of 3 3, i.e., representation 8, has the lowest energy, which we expect to be comparable, if not identical, to the energy required to create each of the domain walls above. The singlet 1 will have an energy comparable to that of a domain wall transforming under either 3 or 3. In any event, we expect the 8 VBS model to display a Haldane gap due to coloron confinement.
The excitation spectrum of Eq. ͑63͒ for a chain with N = 8 sites and PBCs is shown in Fig. 14 . The spectrum shows that the lowest excitation transforms under representation 8, as expected from Eq. ͑66͒, with a singlet and then another representation 8 following at slightly higher energies. It is tempting to interpret those three levels as the lowest levels of the coloron-anticoloron oscillator ͓Eq. ͑66͔͒, but then there should be another singlet at a comparable spacing above. The fact that the spacings between these excitations are significantly smaller than the energy of the first exited state, however, would be consistent with such an interpretation, as the spinons in VBS models always have a local energy cost associated with their creation, which is specific to these models and not related to the universal Haldane gap stemming from confinement forces.
Most importantly, the spectrum provides strong evidence in favor of our assumption that the domain walls are not elementary excitations, but bound states of either two colorons or two anticolorons, and hence that the lowest-energy excitations of finite chains are coloron-anticoloron bound states as illustrated in Eq. ͑66͒. The assumption is crucial for our conclusion that the model exhibits a Haldane gap. If the low-energy sector of the model was determined by two deconfined domain walls, we would see a continuum of states in the spectrum, similar to the spectrum seen in spin S = 1 2 chains of SU͑2͒. The well-defined low-energy modes in Fig. 14, however, look much more like the spinon-spinon bound state excitations seen in S = 1 chains or two-leg S = 1 2 Heisenberg ladders. In particular, if we assume that the individual domain walls transform under reps. 6 and 6, we expect excitations transforming under the representations contained in 6 6 = 1 8 27 to be approximately degenerate. Fig. 14 shows clearly that such a multiplet is not present a the lowest energies.
IX. SU"n… MODELS
In this section, we generalize three of the models proposed for SU͑3͒ spin chains, the trimer model, the symmetric representation 10 VBS, and the matrix product state 8 VBS to the case of SU͑n͒ spin chains.
A. n-mer model
Consider an SU͑n͒ spin chain with N sites, where N is a multiple of n, with a spin transforming according to the fundamental representation n of SU͑n͒ at each lattice site,
where denotes a "flavor," ͕f 1 , ... ,f n ͖, and c † creates a fermion of flavor .
The SU͑n͒ generators at site i are in analogy to Eq. ͑3͒ and ͑9͒ defined as
where the V a denote the n 2 −1 SU͑n͒ Gell-Mann matrices. 73 The generators are normalized through the eigenvalue the quadratic Casimir operator takes in the adjoint representation, J 2 = C SU͑n͒ 2 ͑1,0, ... ,0,1͒ = n. To determine the eigenvalues of the quadratic Casimir for general representations of SU͑n͒, a significant amount of representation theory is required. 74 We content ourselves here by providing the formulas up to n = 6 in Appendix C.
In analogy to the trimer states ͓Eq. ͑7͔͒, we construct the n-mer states of an SU͑n͒ spin chain by combining sets of n neighboring spins into a singlet,
where =1, ... ,n labels the n degenerate ground states, and i runs over the lattice sites subject to the constraint that i− n is integer. The sum extends over all n! permutations of the n flavors f 1 , ... ,f n .
In order to identify a parent Hamiltonian, consider the total SU͑n͒ spin on n + 1 neighboring sites for the n-mer states. Following the rules of combining representations labeled by Young tableaux ͑see, e.g., Refs. 67 and 68͒, it is not difficult to see that the total spin will only contain representations given by tableaux with n + 1 boxes and two columns, i.e., tableaux of the form An educated guess for a parent Hamiltonian for the n-mer chain hence appears to be
with
where denotes the floor function, i.e., x is the largest integer l ഛ x, and we use the notation introduced in Eq. ͑11͒.
This construction yields the MG model 14 for SU͑2͒, the trimer model ͓Eq. ͑12͔͒ for SU͑3͒, and a valid parent Hamiltonian for the four degenerate quadramer states for SU͑4͒. For n ജ 5, however, the decomposition of the tensor product n ͑n+1͒ contains irreducible representations corresponding to Young tableaux with more than two columns, whose Casimirs are equal or smaller than a number of Casimirs included in the list f n ͑͒, =1,2, ... , n+1 2 . If the Casimir of such an "undesired" representation not included in the list is smaller than an odd number of Casimirs included in the list, we obtain negative eigenvalues for H i , and it is not a priori clear anymore that the Hamiltonian ͓Eq. ͑71͔͒ is positive semidefinite. An obvious cure to this problem is to write
with H i as in Eq. ͑72͒. However, this does not cure potential problems arising from undesired representations which share the eigenvalues of the Casimir with one of the representations from the list, as it happens to be the case for n = 5. The Hamiltonian ͓Eq. ͑73͔͒ likewise annihilates these representations, giving rise to a remote possibility that the n-mer states ͓Eq. ͑69͔͒ are not the only ground states of Eq. ͑73͒. The potential relevance of these problems has to be investigated for each n separately.
B. Representation "n ,0, . . . ,0… VBS
As a generalization of the AKLT model for SU͑2͒ and the 10 VBS model for SU͑3͒ discussed above, we now consider a VBS for an SU͑n͒ chain of spins transforming under the symmetric representation
where each b † , ͕f 1 , ... ,f n ͖, is an SU͑n͒ Schwinger boson. The VBS state is obtained by combining n n-mer states ͓Eq. ͑69͔͒ one for each =1, ... ,n, in that the total spin on each lattice site is projected onto the symmetric representation ͑n ,0, ... ,0͒. This yields
͑74͒
Let us now construct a parent Hamiltonian for the symmetric VBS ͓Eq. ͑74͔͒. The total SU͑n͒ spin of two neighboring sites of a representation ͑n ,0, ... ,0͒ spin chain, in general, contains all the representations corresponding to Young tableaux with 2n boxes and at most two rows, i.e., all tableaux of the form
The eigenvalues of the quadratic Casimir operator for these representations are given by g n ͑͒ ϵ C SU͑n͒ 2 ͑2,n − ,0, . . . ,0͒ = 2n 2 − 4n + ͑ + 1͒.
͑75͒
On the other hand, the total SU͑n͒ spin of two neighboring sites of the representation ͑n ,0, ... ,0͒ VBS ͓Eq. ͑74͔͒ has to be contained in the product FIG. 14. Spectrum of the 8 VBS Hamiltonian ͓Eq. ͑63͔͒ for N = 8 sites obtained by exact diagonalization. ͑The lines are merely guides for the eyes.͒ The "magnon" excitation transforming under representation 8 of SU͑3͒ has the lowest energy, followed by a singlet excitation, as expected from the discussion in the text. The well-defined modes at low energies provide strong evidence of coloron-anticoloron bound states as compared to deconfined domain walls and, hence, support our conclusion that the 8 VBS exhibits a Haldane gap due to spinon confinement.
As we project the spin on each lattice site onto the representation ͑n ,0, ... ,0͒, only two these representations remain:
and The eigenvalues of the quadratic Casimir operator are given by g n ͑0͒ =2n͑n −2͒ and g n ͑1͒ =2͑n −1͒ 2 , respectively. Hence, using J i 2 = n͑n −1͒, we obtain the parent Hamiltonian
͑77͒
Since g n ͑0͒ ജ 0 for n ജ 2 and g n ͑͒ is a strictly increasing function of , the Hamiltonian ͓Eq. ͑77͔͒ is positive semidefinite. For n = 2, we recover the AKLT model ͓Eq. ͑40͔͒ for n = 3, we recover the 10 VBS model ͓Eq. ͑55͔͒.
C. Example of a matrix product state
In principle, a matrix product VBS can be formulated on all SU͑n͒ chains with spins transforming under the symmetric combination of any representation m and its conjugate representation m . Unless the representation m is selfconjugate, we obtain two inequivalent states, which transform into each other under space reflection. The construction of these is analogous to the 8 VBS introduced above, and likewise best illustrated as 
͑78͒
The thick lines indicate that we combine pairs of neighboring representations m and m into singlets. On each lattice site, we project onto the symmetric combination of m and m , as indicated. By "symmetric combination" we mean that if representations m and m of SU͑n͒ have Dynkin coordinates ͑ 1 , 2 , ... , n−1 ͒ and ͑ n−1 , n−2 , ... , 1 ͒, respectively, we combine them into the representation with Dynkin coordinates ͑ 1 + n−1 , 2 − n−2 , ... , n−1 + 1 ͒. In other words, we align the columns of both tableaux horizontally and, hence, obtain a tableau with twice the width, without ever adding a single box vertically to a column of the tableaux we started with. The states ͓Eq. ͑78͔͒ we obtain are translationally invariant and we expect the parent Hamiltonians to involve nearest-neighbor interactions only.
In this section, we will formulate the simplest SU͑n͒ model of this general family. We take m to be the representation formed by antisymmetrically combining ഛ n 2 fundamental representations,
κ-th entry which implies that we consider a model with the representation corresponding to a Young tableaux with a column with n − boxes to the left of a column with boxes at each lattice site:
The construction of the parent Hamiltonian is similar to the n-mer model above. The total spin on two neighboring lattice sites can only assume representations contained in m m , i.e., representations corresponding to tableaux of the form
with 0 ഛ ഛ . The eigenvalues of the quadratic Casimir operator for these representations are
The obvious proposal for a parent Hamiltonian is hence
where x denotes again the floor function. This Hamiltonian singles out the matrix product state ͓Eq. ͑78͔͒ as unique ground states for n ഛ 5 but suffers from the same shortcomings as Eq. ͑71͒ with Eq. ͑72͒ for n ജ 6.
X. SPINON CONFINEMENT AND THE HALDANE GAP
A. Affleck-Lieb theorem
For the generic SU͑2͒ spin chain, Haldane 8, 9 identified the O͑3͒ nonlinear sigma model as the effective low-energy field theory of SU͑2͒ spin chains and argued that chains with integer spin possess a gap in the excitation spectrum, while a topological term renders half-integer spin chains gapless. 10, 11 The exact models for SU͑2͒ spin chains we reviewed above, the MG and the AKLT chain, serve a paradigms to illustrate the general principle. Unfortunately, the effective field theory description of Haldane yielding the distinction between gapless half-integer spin chains with deconfined spinons and gapped integer spin chains with confined spinons cannot be directly generalized to SU͑n͒ chains, as there is no direct equivalent of the CP 1 representation used in Haldane's analysis.
Nonetheless, there is a rigorous and rather general result for antiferromagnetic chains of SU͑n͒ spins transforming under a representation corresponding to a Young tableau with a number of boxes not divisible by n: Affleck and Lieb 63 showed that if the ground state is nondegenerate and the Hamiltonian consists nearest-neighbor interactions only, then the gap in the excitation spectrum vanishes as 1 / N ͑where N is the number of sites͒ in the thermodynamic limit. This result is fully consistent with the picture suggested by the models introduced above. Like the MG model, the trimer model and the representation 6 VBS have degenerate ground states and interactions which extend beyond the nearest neighbor, which implies that the theorem is not directly applicable.
On physical grounds, however, the statement that a given model is gapless ͑i.e., the excitation gap vanishes in the thermodynamic limit͒ implies that the spinons are deconfined. The reason is simply that if there was a confinement force between them, the zero-point energy associated with the quantum-mechanical oscillator of the relative motion between the spinons would inevitably yield an energy gap. The MG, the trimer, and the 6 VBS model constitute pedagogically valuable paradigms of deconfined spinons. Since the excitations in these models are literally domain walls between different ground states, no long-range forces can exist between them.
B. General criterion for spinon confinement
More importantly, however, the exact models we introduced above provide information about the models of SU͑n͒ spin chains with representations corresponding to Young tableaux with a number of boxes divisible by n, i.e., models for which the Affleck-Lieb theorem is not applicable. We have studied two SU͑3͒ models belonging to this family in Sec. VIII, the representation 10 VBS and the representation 8 VBS, and found that both have confined spinons or colorons and hence display a Haldane-type gap in the spectrum.
In this section, we will argue that models of antiferromagnetic chains of SU͑n͒ spins transforming under a representation corresponding to a Young tableau consisting of a number of boxes divisible by n generally possess a Haldanetype gap due to spinon confinement forces.
We should caution immediately that our argument is based on several assumptions, which we consider reasonable, but which we are ultimately unable to prove.
The first, and also the most crucial, is the assumption that the question of whether a given model supports free spinon excitations can be resolved through study of the corresponding VBS state. This assumption definitely holds for SU͑2͒ spin chains, where the MG model for S = 1 2 indicates that the spinons are free, while the AKLT model for S = 1 serves as a paradigm for spinon confinement and hence the Haldane gap. The general conclusions we derived from our studies of the SU͑3͒ VBSs above rely on this assumption. The numerical results we reported on the representation 8 VBS provide evidence that this assumption holds at least for this model.
Let us consider an SU͑n͒ spin chain with spins transforming under a representation corresponding to Young tableau consisting of L columns with 1 ഛ 2 ഛ¯ഛ L Ͻ n boxes each,
with a total number of boxes = ͚ l=1 L l divisible by n. We denote the Dynkin coordinates of this representation by ͑ 1 , 2 , ... , n−1 ͒, which implies
Note that this representation is, by definition, given by the maximally symmetric component of the tensor product of the individual columns,
For convenience, we denote the ͑ n
Since is divisible by n, it will always be possible to obtain a singlet from the complete sequence of representations 1 , 2 , ... , L by combining them antisymmetrically. To be precise, when we write that we combine representations 1 and 2 antisymmetrically, we mean we obtain a new representation ͓ 1 + 2 ͔ by stacking the two columns with 1 and 2 boxes on top of each other if 1 + 2 Ͻ n and a new representation ͓ 1 + 2 − n͔ if 1 + 2 ജ n. In equations, we write this as
ͮ ͑83͒
Following the notation used above, we indicate the antisymmetric combination of representations l by a line connecting them. In particular, we depict the singlet formed by combining 1 , 2 , ... , L on different lattice sites as
The understanding here is that we combine them in the order indicated by the line, i.e., in Eq. ͑84͒ we first combine 1 and 2 , and then we combine the result with 3 , and so on. Depending on the order of the representations l on the line, we obtain different, but not necessarily orthogonal, singlets. We assume that it is irrelevant whether we combine the representations starting from the left or from the right of the line, as the resulting state will not depend on it.
In general, it will be possible to construct a number ഛ / n of singlets out of various combinations of the 's, one for each block of 's for which the values of add up to n as we combine the representation in the order described above. In this case, we will be able to construct one VBS for each singlet and subsequently combine them at each site symmetrically to obtain the desired representation ͓Eq. ͑81͔͒. The argument for spinon confinement we construct below will hold for each of the individual VBSs and, hence, for the combined VBS as well. It is, hence, sufficient for our purposes to consider situations where the entire sequence 1 , 2 , ... , L is needed to construct a singlet. A possible VBS "ground state" for a representation corresponding to a Young tableau with L = 4 columns is depicted below, 
H H H H H H H H H H H H H H H H H H H H H H H H H H H H H H H H H H H H H H H H H H H H H H H H
͑85͒
In general, there are as many inequivalent VBS "ground states" as there are inequivalent ways to order the representations 1 , 2 , ... , L , i.e., the number of inequivalent VBS "ground states" is given by
To give an example, the following VBS 
H H H H H H H H H H H H H H H H H H H H H H H H H H H H H H H H H H H H H H H H H H H H H H H H
͑86͒
is inequivalent to the one above if and only if 1 2 . Note that all these VBS "ground states" states are translationally invariant. We expect some of these states, but not all of them to be degenerate in energy for the appropriate parent Hamiltonian and have accordingly written ground states in quotation marks. For example, if we form an SU͑4͒ VBS with representation ͓ 1 , 2 , 3 ͔ = ͓1,1,2͔, the combination
might yield a state with a lower energy for the appropriate Hamiltonian than the state formed by combining
tive motion of the particles. As in the models studied above, the Haldane gap corresponds to the zero-point energy of this oscillator.
If one of the "ground states" to the left or to the right of the domain wall is not a true ground state but a translationally invariant state corresponding to a higher energy than the ground state, there will be a confining force between this domain wall and another domain wall which transforms the intermediate "ground state" with a higher energy back into a true ground state. This force will be sufficient to account for a Haldane gap, regardless of the strength or existence of a confinement force between the constituent particles of each domain wall.
The lowest-lying excitations of a representation ͓ 1 , 2 , ... , L ͔ spin chain, however, will, in general, not be domain walls but spinons created by breaking up one of the singlets ͓Eq. ͑84͔͒ in a ground state. This is illustrated below for the ground state ͓Eq. ͑85͔͒:
Let us briefly summarize the results obtained. The SU͑n͒ models we have studied so far fall into two categories. The models belonging to the first-the trimer chain, the 6 VBS, and the n-mer chain-have n degenerate ground states, which break translational invariance up to translations by n lattice spacings. The Young tableaux describing the representations of SU͑n͒ at each site consist of a number of boxes which is smaller than n and, hence, obviously not divisible by n. The models support deconfined spinon excitations and, hence, do not possess a Haldane gap in the spectrum. The Hamiltonians of these models require interactions between n + 1 neighboring sites along the chain. Even though the Affleck-Lieb theorem is not directly applicable to the models we constructed above, it is applicable to SU͑n͒ spin chains with spins transforming under the same representations. Like the VBS models, the theorem suggests that there is no Haldane gap in this family of models.
The models belonging to the second category-the 10 VBS, the 8 VBS, the representation ͑n ,0, ... ,0͒ VBS, and the m-m matrix product state-have translationally invariant ground states. The ground states are unique for some models, such as the 10 and the ͑n ,0, ... ,0͒ VBS, and degenerate for others, such as the 8 VBS. The Young tableaux describing the representations of SU͑n͒ at each site consist of a number of boxes which is divisible by n. The Affleck-Lieb theorem is not applicable to models of this category. The spinon excitations for this category of models are subject to confinement forces, which give rise to a Haldane gap. The parent Hamiltonians for these models require interactions between nearest-neighbor sites only.
At first glance, this classification might appear complete. Further possibilities arise, however, in SU͑n͒ spin chains where the number of boxes the Young tableau consists of and n have a common divisor different from n, which obviously requires that n is not a prime number. In this case, it is possible to construct VBS models in which the ground state breaks translational invariance only up to translations by n / q lattice spacings, where q denotes the largest common divisor of and n such that q Ͻ n. This implies that the ground state of the appropriate, translationally invariant Hamiltonian will be ͑n / q͒-fold degenerate. In the examples we will elaborate on below, the parent Hamiltonians for these models require interactions between n q + 1 sites, a feature we conjecture to hold in general. The spinon excitations of these models are confined, even though the Affleck-Lieb theorem states that the nearest-neighbor Heisenberg chain of SU͑n͒ spins transforming under these representations is gapless. ͑We implicitly assume here that the ground states of the SU͑n͒ nearestneighbor Heisenberg chains are nondegenerate.͒ Let us illustrate the general features of this third category of models with a few simple examples.
As a first example, consider an SU͑4͒ chain with spins transforming under the ten-dimensional representation
Following the construction principle of the 6 VBS of SU͑3͒, we find that the two degenerate VBS states illustrated through 
͑88͒
are exact zero-energy ground states of
which contains next-nearest-neighbor interactions.
The example illustrates the general rule stated above. The largest common divisor of n = 4 and =2 is q = 2. This implies n q = 2 and hence two degenerate VBS states which break translational invariance up to translations by two lattice spacings. The parent Hamiltonian requires interaction between three neighboring sites.
According to the Affleck-Lieb theorem, the models of antiferromagnetic SU͑4͒ chains of representation ͑2,0,0͒ with nearest-neighbor Heisenberg interactions and nondegenerate ground states are gapless in the thermodynamic limit, which implies that the spinons are deconfined. In all the models we have studied in previous sections, the conclusions drawn from the Affleck-Lieb theorem were consistent with those drawn from our exact models. For the present model, however, they are not consistent.
Specifically, we strongly conjecture that the spinons in the ͑2,0,0͒ VBS are confined. This conjecture is based on the reasonable assumption that the elementary excitations of the model transform as either the fundamental representation 4 = ͑1,0,0͒ of SU͑4͒ or its conjugate representation 4 = ͑0,0,1͒. This assumption implies that a single domain wall in one of the 4-mer chains used to construct the VBS state ͓Eq. ͑88͔͒ shifts this chain by one lattice spacing. If we assume a ground state to the left of the spinon, the state on to the right will have a higher energy for the next-nearestneighbor Hamiltonian ͓Eq. ͑89͔͒, as illustrated below, 
͑90͒
To recover the ground state, a second domain wall is required nearby, which is bound to the first by a linear potential. Our conclusion is not in contradiction with the rigorous result of Affleck and Lieb, as they explicitly restrict themselves to models with nearest-neighbor interactions. If we had only nearest-neighbor interactions, the energy expectation value in the region between the domain walls would not be higher than in the ground state, as one can see easily from the diagram above-the sequence of alternating links would merely shift from ͑strong, weak, strong, weak͒ to ͑strong, strong, weak, weak͒.
As a second example, the situation is similar for an SU͑6͒ chain with spins transforming under the 56-dimensional representation With n = 6 and = 3, we have again 
͑95͒
The conclusions we have drawn for this VBS model rest on the assumption that the quadratic Casimirs of the representations contained in the tensor product shown in the dashed box in Eq. ͑92͒ as well as in the tensor product one obtains if one shifts this box by one lattice spacing to the left or to the right are smaller than the largest Casimir contained in the tensor product shown in the dotted box in Eq. ͑95͒. We have verified the validity of this assumption for the ͑2,0,0,0,0͒ VBS model we considered here, but not shown it to hold for similar models with larger n or . Finally, consider an SU͑6͒ spin chain with spins transforming under the 70-dimensional representation
Thus, we have once again n q = 2. In a notation similar to the one introduced for the 8 VBS, e e e e e e e e e s u u u s s 
͑99͒
The VBS configuration we have drawn between the two spinons in Eq. ͑99͒ constitutes just one of several possibilities. We expect, however, that this possibility corresponds to the lowest energy among them for the Hamiltonian ͓Eq. ͑97͔͒. This concludes our list of examples. The models introduced in this section are interesting in that they provide us with examples where spinon confinement, and with the confinement the existence of a Haldane gap, is caused by interactions extending beyond nearest neighbors. The conclusion drawn from the Affleck-Lieb theorem for SU͑n͒ models with spins transforming under representations we have labeled here as the "third category" hence appear to hold for models with nearest-neighbor interactions only, to which the theorem is applicable. For these models, the theorem states that the spectrum is gapless, which according to our understanding implies that the models support deconfined spinon excitations. The examples we have studied, by contrast, suggest that models with longerranged interactions belonging to this category exhibit confinement forces between the spinon excitations and hence possess a Haldane gap.
It is worth noting that even though in the examples we elaborated here Ͻn, we expect our conclusions to hold for models with Ͼn as well. To see this, let m Ͼ 0 be an integer such that nm ϽϽn͑m +1͒. We can now construct a first VBS with spinon confinement using nm boxes of the Young tableau and combine it with a second by projection on each side with a second VBS constructed from the remaining Ј = − nm boxes. Since the spinons of the first VBS are always confined and hence gapped, the final VBS will support deconfined spinons if and only if the second VBS will support them, which, in turn, will depend on the largest common divisor qЈ of Ј and n as well as the range of the interaction. Since the largest common divisor q of n and is equal to qЈ, there is no need to think in terms of Ј and qЈ. The conclusions regarding confinement and the Haldane gap will not depend on the distinction between and Ј.
D. Different categories of models
In this section, we used the rules emerging from the numerous examples we studied to argue that models of SU͑n͒ spin chains, in general, fall into three categories. The classification depends on the number of boxes the Young tableau corresponding to the representation of the individual spins consists off, as follows:
͑1͒ If and n have no common divisor, the models will support free spin excitations and, hence, not exhibit a Haldane gap. The general reasoning here is simply that the VBS states in this category break translational invariance up to translations by n lattice spacings and that there are ͑at least͒ n degenerate VBS ground states to each model. Spinons transforming under representations of Young tableaux with an arbitrary number of boxes can be accommodated in domain walls between these different ground states. Consequently, the spinons are deconfined.
͑2͒ If is divisible by n, the general argument we have constructed in Sec. X B indicates that the model will exhibit spinon confinement and, hence, a Haldane gap.
͑3͒ If and n have a common divisor different from n, the examples studied in Sec. X C suggest that the question of whether the spinons are confined or not depends on the details of the interactions. If q is the largest common divisor of and n, interactions ranging to the ͑n / q͒th neighbor were required for spinon confinement in the models we studied. The Affleck-Lieb theorem, 63 on the other hand, tells us that SU͑n͒ chains with nearest-neighbor Heisenberg interactions belonging to this category are gapless if the ground states are nondegenerate.
Note that the second category is really just the special case q = n of the third: with n q = 1, nearest-neighbor interac-tions are already sufficient for spinon confinement and a Haldane gap.
The conclusion that interactions ranging to the ͑n / q͒th neighbor are required for spinon confinement and a Haldane gap, however, is not universally valid. A counterexample is provided by the extended VBSs ͑XVBSs͒ introduced by Affleck, et al. 75 In this model, each site effectively takes the role of two neighboring sites when a VBS is constructed, and nearest-neighbor interactions are already sufficient to cause spinon confinement. We briefly review this model in the following section.
E. Counterexample: The SU(4) representation 6 extended VBS
In an article devoted to quantum antiferromagnets with spins transforming under the self-conjugate representations of SU͑2n͒, Affleck et al. 75 introduced an extended VBS for the six-dimensional SU͑4͒ representation ͑0, 1, 0͒. This representation is, with regard to the number of boxes the corresponding Young tableau consists of, not distinguishable from the symmetric representation 10 considered in Sec. X C, as both tableaux consist of two boxes:
Since the two boxes are combined antisymmetrically for representation 6, a VBS constructed along the lines of Sec. X C would no longer provide a paradigm for antiferromagnetic spin chains of the corresponding representation in general. Affleck et al. 75 have constructed an extended VBS, which is illustrated in the following diagram:
In the first part of this paper, we have formulated several exact models of SU͑3͒ spin chains. We introduced a trimer model and presented evidence that the elementary excitations of the model transform under the SU͑3͒ representations conjugate to the representation of the original spin on the chain. We then introduced three SU͑3͒ valence bond solid chains with spins transforming under representations 6, 10, and 8, respectively. We argued that of these four models, the coloron excitations are confined only in the 10 and the 8 VBS models, and that only those models with confined spinons exhibit a Haldane gap. We subsequently generalized three of our models to SU͑n͒ and investigated again which models exhibit spinon confinement.
Finally, we used the rules emerging from the numerous examples we studied to argue that models of SU͑n͒ spin chains, in general, fall into three categories with regard to spinon confinement and the Haldane gap. These are summarized in the previous section. The results rely crucially on the assumption that the conclusions we obtained for the VBS models we studied are of general validity. This assumption certainly holds for the corresponding SU͑2͒ models and appears reasonable on physical grounds. Ultimately, however, it is only an assumption, or at best a hypotheses.
On a broader perspective, we believe that the models we have studied provide further indication that SU͑n͒ spin chains are an equally rich and rewarding subject of study as SU͑2͒ spin chains have been since Bethe. ample, conservation of F z forbids processes in which a blue and a green particle turn into two red ones, ͉b,g͘ → ͉r,r͘. Higher-order processes of the kind ͉b,g,g͘ → ͉r,r,r͘ are still possible but negligible if the experiment is conducted at sufficiently short time scales.
If one places fermionic atoms with an artificial SU͑3͒ spin engineered along the lines of this or a related proposal in an optical lattice and allows for a weak hopping of the atoms on the lattice, one has developed an experimental realization of an SU͑3͒ Hubbard model. If the energy cost U of having two atoms on the same lattice site is significantly larger than the hopping t and the density is one atom per site, the system will effectively constitute an SU͑3͒ antiferromagnet. The dimension of this antiferromagnet will depend on the optical lattice, which can be one, two, or three dimensional.
In principle, the above proposal can be generalized to SU͑n͒, even though the experimental obstacles are likely to grow "exponentially" with n. Besides, it is far from clear that such an endeavor is worthwhile, as all the nontrivial properties of SU͑n͒ are already present in SU͑3͒ chains ͓while SU͑2͒ constitutes a special case͔.
APPENDIX B: GELL-MANN MATRICES
The Gell-Mann matrices are given by 67 The general method to obtain these and further eigenvalues for n Ͼ 6 requires a discussion of representation theory 74 at a level which is beyond the scope of this paper.
The dimensionality of a representation ͑ 1 , 2 , ... , n−1 ͒ is determined by the so-called Hook formula 
